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ABSTRACT Transient thermocapillary convection under a surface of a linear
temperature distribution in a top open cavity at a zero-gravity condition is investigated
using scaling analysis and numerical simulation. Induced by the linear temperature
distribution on a surface, a surface flow (SF) occurs. Then the pressure gradient near
the sidewall drives a vertical flow (VF). The evolution in dynamics and heat transfer of
the SF and the VF is argued, which is determined by Marangoni number (Ma), Prandtl
number (Pr) and aspect ratio (4). Scaling analysis shows that there are four typical
evolutions of the VF and two typical evolutions of the thermal boundary layer (TBL).
Further, velocity, boundary layer thickness, and Nusselt number of transient
thermocapillary convection are scaled under different regimes in different evolutions
and a number of new scaling laws are proposed. Additionally, the flow structures under
different regimes are characterized and selected scaling laws obtained in scaling
analysis are validated by numerical simulation results.

KEYWORDS: transient thermocapillary convection, linear temperature distribution,
scaling analysis, numerical simulation

NOMENCLATURE

A aspect ratio

Ae aspect ratio of surface layer

o specific heat of working fluid (Jkg'K™")

Fy thermocapillary force (ms2)

H height of cavity (m)

k temperature gradient factor (Km™)

L length of cavity (m)

Ma Marangoni number

Nu Nusselt number

p pressure (kgm's2)

Pr Prandtl number

(0] flow rate (m’s™")

0i, Oy, Os flow rate of VF (m3s™)

t time (s)

tiy ts, bs, tH transition time of SF under different regime (s)
T temperature (K)

To temperature of working fluid at initial time (K)
u, v velocities in x- and y-directions (ms ™)
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Uiy Uy, Us velocity of SF under different regime (ms™!)

Ui, Uivy UHi, OHH, UHy, Ovi . . . _
>t TR TR TEE T Velocity of VF under different regime (ms™!)

Uyy, OvH

X,y coordinates in x- and y-directions (m)

Greek symbols

* nondimensional variables such as &*, p*, u*, t* and x*
a surface tension (Nm™")

or temperature coefficient of surface tension (Nm™ 'K ™)
s coefficient of thermal expansion (K™!)

0 Dirac delta-function (m™")

O3, OTv, OTs thickness of TBL under different regime (m)

Ov thickness of viscous boundary layer (m)

A thickness of VF (m)

Aiiy Aiv, Ani, Ann, A,
Avi, Av, A

AT temperature difference between two ends of surface (K)
thickness of surface layer (m)

heat diffusivity (m?s™")

heat conductivity (Wm™'K™")

viscosity (m?s™)

density (kgm™)

Tvi, TvHv, THi, Tw, THyv, THH  transition time of VF under different regime (s)

thickness of VF under different regime (m)

D < X ®

I. INTRODUCTION

A temperature gradient is common on liquid surface in nature and industrial systems,
which induces a nonuniform surface tension on liquid surface in which the maximum
tension can arise in the coldest region of the surface (ar = — da/dT > 0, see Refs. 1, 2).
Such a nonuniform tension may further "drag" the liquid flow, which is known as
thermocapillary convection.> Thermocapillary convection exists in many practical
applications such as laser surface melting and alloying,* the crystal fabrication,> 3D-
printing technology,® the purification of carbon nanotubes’ and micromanipulation.®

The study of thermocapillary convection has received increasing attention over the
past decades.” '” Recently, thermocapillary convection in a shallow liquid film with two
gas-liquid interfaces,'! a liquid bridge of various Prandtl numbers (Pr),'> a rectangular
liquid cavity with an isothermal sidewall,'* a cylindrical liquid pool,' a cylindrical cell
with a bidirectional temperature gradient,'®
droplet'” '8 has been investigated using theory, simulation and experiment on the earth

an annular two-layer system,'® or a planar

and in space. Further, more attention has been paid into the effect of gravity,'

20.21 surface deformation,?? phase change,” gas flow?* and instability on
25.27

evaporation,
thermocapillary convection.

Many interests have also been devoted to thermocapillary convection in a rectangular
side-heated top open cavity. The effect of gravity on thermocapillary convection has
been studied for various liquids and geometry sizes by linear stability analysis,®
numerical simulation® and experiment.** Thermocapillary convection could become
unstable as the Marangoni number (Ma) increases.! Additionally, the stability of
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thermocapillary convection may also be dependent on Pr*? and the aspect ratio,*> and
the transition route has been revealed in numerical simulation®* and the earth
experiment.’’

Transient thermocapillary convection is common in nature and industry such as space
melting and printing under microgravity.® Therefore, dynamical and thermal
characteristics of transient thermocapillary convection in a rectangular side-heated top
opened cavity have received increasing attention in recent years.'> 37 It has been
demonstrated that a thermal boundary layer (TBL) may form beside the heated
sidewall.® A surface flow (SF) driven by the thermocapillary force induced by the
temperature gradient may occur,’> 37 and in turn a vertical flow (VF) may also appear
owing to the pressure gradient.>® A series of possible transient flow scenarios and
regimes of dynamics and heat transfer have been identified, and corresponding scales
of the SF in the cavity have been obtained.'3’

The thermocapillary convection on an inclined plane with a linear temperature
distribution has been investigated by e.g. Miladinova et al.,** Mukhopadhyay and
Mukhopadhyay,*! Chattopadhyay et al..**** Further, the thermocapillary convection
induced by the surface with a linear temperature distribution is also common in e.g. a
laser melting surface, as indicated in Ref. 45 and illustrated in Fig. 1. Moreover, the
linear temperature distribution on the surface has also been successfully achieved in the
experiment using a lamp and optical system and has been applied for the study of the
Marangoni convective flow with a partially contaminated surface.*® 47 Unfortunately,
dynamics and heat transfer of transient thermocapillary convection induced by the
surface with a linear temperature distribution are unclear. However, it may be expected
that when a linear temperature distribution is suddenly imposed on the surface as
performed experimentally in Refs. 46, 47, a distinct stress may be generated on the
surface and a thermal boundary layer also appears under the surface, which may in turn
induce new dynamical and thermal regimes of transient thermocapillary convection
compared to those induced by a sudden heated sidewall.'® 3" These motivate this study.

In this study, a simple scaling analysis and two-dimensional simulation are adopted,
as used in many previous works,!> 3738 to understand the physical mechanism of a
transient laminar flow and obtain insights into the evolution of dynamics and heat
transfer of transient thermocapillary convection in the cavity with a linear temperature
distribution of the liquid surface. That is, the development of transient thermocapillary
convection after sudden heating is described; the evolution of dynamics and heat
transfer, dependent on e.g. Ma and Pr, is analyzed; the thickness and velocity of the SF
and the VF are scaled under different regimes. Further, selected scaling laws are
validated by numerical results. The scaling results may be used not only to quantify
regimes of dynamics and heat transfer but also directly applied for the estimate of the
transient fluid flow in e.g.,, laser melting, heat pipe and 3D-printing under
microgravity.>®

The remaining parts of the paper are as follows: physical problem is described in Sec.
11, scaling analysis is performed in Sec. IlI, numerical methods are described in Sec. IV,
numerical results and validation are presented in Sec. V, and finally, conclusions are
summarized in Sec. VI.
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II. PROBLEM DESCRIPTION
We considered a top-opened two-dimensional rectangular cavity, as illustrated in Fig.
1. The width is in the x coordinate of L and the height in the y coordinate of H.

Flat liquid-gas surface T=T,+kx

’ } Surface flow

Adiabatic Adiabatic

Adiabatic
FIG.1. Schematic of thermocapillary convection under a surface of a linear
temperature distribution in a rectangular cavity.

The lateral and bottom boundaries are assumed to be non-slip and adiabatic. The top
boundary is a liquid-gas surface. Implicit in the analysis below is the assumption that
the surface is flat.’” A linear temperature distribution in the x-direction is suddenly
applied for the surface in which the temperature increases from 7p at the left side toward
the right side. The temperature profile may be described as

Tx)=T,+kxaty=H, (1)
where £ is the temperature gradient factor, which means the temperature increase over
the horizontal length:

_dT(x)
B

In the study, & is considered to be positive.
Transient thermocapillary convection in such a cavity may be described by the mass,

k @

momentum and energy equations,
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Here, F, denotes thermocapillary force on a surface layer, which may be written as*
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H

F,= %a, %a, [ ody=1, )
where ¢ is Dirac function, zero out of the surface layer. The thickness of the physical
surface layer, denoted as ¢, is a time-independent quantity that depends on the properties
of the fluid, and is about tens of nanometers*® with fluctuations of only a few
Angstroms.>°

The working fluid is incompressible Newtonian liquid with constant kinematic
viscosity and thermal diffusivity. Note that the variations of density, viscosity and
thermal diffusivity with the temperature change play vital role in instability analysis, as
demonstrated by Mukhopadhyay et al.,’>? Chattopadhyay et al.>*** and Ji et al.>
However, the variations are usually neglected in the study of a steady laminar flow,'>
39 since the actual variations of e.g., Ma and Pr are small (smaller than 8% in e.g. silicon
oil) in laminar thermocapillary convection. Initially, the fluid is stationary and
isothermal at temperature 7y. Boundary conditions in Fig. 1 are assumed as

u=v=0atx=0,Lory=0,v=0aty=H,

®)
6—T:Oatx:O,Land 6—T:Oaty=0.
Oox Oy

Transient thermocapillary convection is governed mainly by Ma, Pr, A and 4., which
are given by

MGZM, X ,Ang’ (9)
pVK K

where AT is the temperature difference between the highest and lowest temperature on

the surface (at the two ends of the cavity). In what follows, a scaling analysis will be

applied to Egs. (3)-(6) to obtain insights into transient laminar thermocapillary

convection with the linear temperature distribution on the surface.
II1. SCALING ANALYSIS
A. Surface flow

A linear temperature distribution in the x direction, when is suddenly applied for the
surface of the fluid in a cavity,*> 4’ may generate a nonuniform thermocapillary force
in the surface layer, driving the fluid to the cold side. Further, as the momentum diffuses
into the cavity by viscous, a horizontal viscous boundary layer, denoted by d,, may form
below the surface layer, as shown in Fig. 1. Here, the surface layer and viscous
boundary layer are hereinafter referred to as the SF.

The SF may be analyzed using (4). It is clear that initially, the advective term is much
smaller than the unsteady term. It is noticeable that the advective term is also smaller
than the viscous term even over a long time as Pr > 1 for most liquids except for molten
metal. Thus, the integral of (4) in the y direction on the surface layer, which means from
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H-g¢ to H, is denoted as'® ¢

u u a
’6+V5v~ pk. (10
Since ¢ is very small, d, is approximately equal to the thickness of the SF.

The viscous boundary layer is analyzed first to understand the dynamics of the SF.
In the horizontal momentum equation (4), the unsteady term is approximately O(u/f),
the advective term O(u?/L) and the viscous term O(vu/d,%). Note that O(u?/L) is used to
describe the advective term since the first and second advective terms in the momentum
equations are on the same order according to the continuity equation. In the initial time,
the advective term is much smaller than the unsteady term. Thus, the unsteady term
balances the viscous term initially, giving the thickness of the viscous boundary layer,

5v - Prl/ZKI/le/Z. (11)

Based on (10), the unsteady term is O(ue/f) and the viscous term O(vu/dy). Thus, a
time scale can be derived from such a balance,
AL’

t, .
Prk

(12)

This means that when ¢ < #;, the SF is under an inertial regime for which the unsteady
term balances the thermocapillary term, giving a velocity scale of the SF,
"~ Ma Pric*t 13

oA (13)

When ¢ > ¢;, the unsteady term in (10) is much smaller than the viscous term, and the
SF is under a viscous regime; that is, the viscous term balances the thermocapillary
term, which gives a new velocity of the SF,

M(l Prl/Z K3/2tl/2
u, ~ — 0 (14)
The viscous boundary layer grows with time until the cavity is occupied, which means
oy~ H. Substituting H into (10), a time scale can be obtained,

AL

~Prx.

by (15)
That is, when ¢ > ¢#, the viscous term for which the vertical length scale grows from d,
to H can be express as vu/H. Further, for a sufficiently large time, the SF velocity under
a dy ~ H viscous regime develops to a constant value,
MarxA 16
-2 (16)
The evolution of the SF velocity is summarized in Fig. 2, and is compared with those
in isothermal and uniformly heated situations in Refs. 13 and 37 in the case of Ma =
5000 and Pr = 20. Clearly, the dynamical regimes and velocity scales of the SF in this

work are distinct from those in isothermal and uniformly heated situations.
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FIG. 2. Evolutions of the SF velocity.'>3’

B. Vertical flow

As illustrated in Fig. 1, the SF generates a pressure gradient near the sidewall.
Therefore, in the horizontal momentum equation (4), the balance is between the
thermocapillary and pressure gradient terms. The integral of Eq. (4) in y direction from
H - 0, to H is denoted as

o
p%év -k a7

where 4 is the thickness of a vertical boundary layer near the sidewall. Such a pressure
rise near the sidewall may further drives a VF near the sidewall. The order of the

pressure gradient in the vertical direction may be obtained,
19
poy put

Additionally, based on the conservation of mass, the flow rate may be obtained,
0 ~ud, ~vA. (19)

Notice that the velocity and in turn flow rate of the SF are different under different
regimes, which may generate different flow rates of the VF.

1. Viscous-inertial and inertial-inertial regimes

As described in Sec. III. A, the SF is initially governed by the inertial-thermocapillary
balance. In fact, for most liquids, the transition time at which the viscous term becomes
the same order as the unsteady term described by (12) is smaller than 107 s. Since the
penetration distance of the VF may be scaled with O(vf), substituting (17) into (18), the
vertical pressure gradient may be obtained as

lalN MaPrl/Z K3/2A
p ay LZUt3/2 .

Clearly, the velocity scale of the SF governed by the thermocapillary-inertial balance
7
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is u;, described by (13). Thus, the flow rate scale of the VF can be expressed as

3,
Ma Pr /2 K5/2t3/2

LA

3

O, ~uo, ~ (21)

For the VF, the order of the unsteady term in the vertical momentum equation (5) is
O(v/t) and the viscous term is O(vv/4?). Using (18) and (21), a velocity scale and a
thickness scale can be derived at which the viscous term equals to the vertical pressure
gradient term,

., Ma*® Pr's i85 o
vi ™ 11/5 43/5 >
LA

Mal/S Pr7/lO K9/l(]t9/10
It E— (23)
Clearly, in this stage, the SF is under the inertial regime. Thus, the regime for the VF is
named as a viscous-inertial regime.

In addition, based on (18) and (21), a balance between the unsteady and pressure
gradient term derives velocity and thickness scales of the VF under an inertial-inertial
regime,

Ma2/3 Pr2/3 K_4/3t1/3

v~ W 5 (24)

173 5/6 .7/6,7/6
Ma"” Pri’° k"°t"”

4i L4/3A2/3 (25)
Based on (22) to (25), a time scale can be derived at which the viscous term equals to
the unsteady term,
LA,
T ™~ Md” Pr e (26)

This means that the viscous dominance changes to the inertial dominance at the time
scaled with (26) for the VF.

It is clear that the ratio of 7, to #; is Pr'/?/(Ma"?4.) based on (12). Thus, the VF near
the sidewall rises under the viscous-inertial regime when ¢ < #; for Pr/Ma > A2, but
under the viscous-inertial regime when ¢ < 7,; and under the inertial-inertial regime when

i <t <t; for Pr/iMa < A (tsi < t;).
2. vt > H inertial-inertial regime

As time elapses, the penetration depth vf of the VF reaches H. It can be demonstrated
that the VF cannot reach the bottom wall before the viscous dominance changes to the
inertial dominance. Using (24), the VF under the inertial-inertial regime reaches the
bottom wall in a time scale,
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L2A3/4Al/4

Ma"* Pr'* k

Ty ~ (27)
According to (12), zui/t; ~ Pr'”?43*/(Ma"4."*). Since Pr/Ma > A,"*/4>?, ty; > t;. Thus,
when the VF reaches the bottom wall, the VF will enter a new stage, which is named as
a vt > H inertial-inertial regime.
Under the vt > H inertial-inertial regime, the penetration depth of the VF is H, and
then the scale of the vertical pressure gradient over H can be obtained,
] a Ma P, 1/2 3/2A
2 2T F 2 (28)
p Oy LAt
Repeating the discussion of (22) to (25), based on (28), the velocity scale and the
thickness scale can be derived by the equivalent of the inertial term and the vertical
pressure gradient term,

Ma Pri’t
Opi ~ A72pV2” 29
P2 2 g2
Ay ~ o (30)

Note that due to usually 4 > 4,,'> the inertial term is larger than the viscous term under
the vf > H inertial-inertial regime until the viscous boundary layer reaches bottom wall

3. Viscous-viscous and inertial-viscous regimes

The SF is under a viscous regime when ¢ > #;. Thus, the volumetric flow rate of the
SF is scaled with

MaPri*t

0, ~u,0,~ "5

(€2

Repeating the discussion of (22) to (25), based on (31), the velocity and the thickness
of the VF under a viscous-viscous regime can be obtained,

Ma'® PrV? 10310 s
O ~ Vo : (32)

Mal/S Prl/Z K_7/10 l7/]0

i ’ (33)

4“‘ ~

and under an inertial-viscous regime,

2/3 2
Ma /. Prl/ K7/6 tl/6

Oy~ (34)
Mal/3 Prl/Z K:S/6 [5/6
4, ~ - (35)
9
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Based on (32) to (35), the equivalent of the unsteady term and the viscous term yields
a time scale,

LZ
Max’

w

(36)

That is, (36) is the time scale of the transition between viscous and inertial dominances.
4. vt > H inertial-viscous regime

Consider the VF near the sidewall. The time scale for which v ~ H under a viscous
dominance can be given by

L2A10/13
Tory ~ 8/13 p 5/13 " (37
Ma”” Pr’” Kk
But the time scale under an inertial dominance can be expressed as
L2A6/7
(38)

Ty ~——————.
Hv 4/7 3/7
Ma™' Pr’' k

Clearly, there is 7w < tvmy < Tav < tu for Pr/Ma < A%, implying that the VF does not
penetrate through the entire cavity before the balance changes from between the
pressure gradient term and the viscous term to between the pressure gradient term and
the unsteady term at the time scale 7,,. That is, the VF may develop to the bottom of the
cavity under the inertial dominance at the time scale 7y, at which time the thickness of
the viscous boundary layer has not become H.

Considering both Eqs. (28) and (31), the equivalent between the unsteady term and
the pressure gradient term yields the velocity and the thickness of the VF,

Ma Pr3/4 K_7/4l3/4

v 24172 > (39

0%

AHV - Prl/4 Al/zﬂ/2K1/4tl/4. (40)

We can also obtain the velocity and thickness scales under a balance between the
viscous term and the pressure gradient term. It is worth noting that the time scale for
which the viscous boundary layer reaches the bottom of the cavity equals to the one for
which viscous and inertial terms balance. This means that the v > H inertial-viscous
regime changes to the v > H and J, ~ H viscous-viscous regime at the time scale 7.

5. 0y ~ H viscous-viscous regime

For Pr/Ma > A%, we have tn < Ty < Tumy < Tw. That is, the VF does not penetrate
through the entire cavity before the thickness of the viscous boundary layer becomes H
because of #7 < zi,. Further, because of 7 < 7,,, the VF is continuously dominated under
a balance between pressure gradient and viscous terms until the viscous boundary layer
reaches the bottom of the cavity.

If 0, ~ H, the vertical pressure gradient term may be obtained as

10
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1op MaPri*A

—_— 41
p Oy L Avt @D
Substituting uy into Eq. (19), the flow rate is estimated by
0, ~uH ~ MaxA®. (42)

Based on Eqs (19), (41) and (42), the velocity and thickness of the VF can be derived
by the equivalent between the pressure gradient and viscous terms,

Ma* 5 A
Oy ~ 550 (43)
A, ~ Ma" 515 ALV, (44)

In addition, it may be proved that when ¢ > ¢ for Pr/Ma > A%, the VF is continuously
dominated by the balance between pressure gradient and viscous terms. Further, the
time scale at which the VF reaches the bottom of the cavity is estimated by,

L2

Ty ~ .
Max

(45)

HH

6. vt > H and J, ~ H viscous-viscous regime

It is clear that the penetration depth of the VF is H under the vt > H and J, ~ H
viscous-viscous regime, the pressure gradient term is estimated by
_1dp MaPr KA
poy LA
Further, based on Eqs. (42) and (46), the velocity and thickness of the VF are scaled
with

(46)

MaxrA
o ~ A, @7)

Ay ~ AL (48)

In fact, it can be demonstrated that the viscous term is always greater than the inertial
term under the v¢ > H and d, ~ H the viscous-viscous regime.

In addition, according to different time scales, four possible evolution scenarios of
the VF may be summarized and are plotted in Table I and Fig. 3.

TABLE I. VF under different regimes in different evolution scenarios.

Evolution scenario Time Velocity Regime
P}’/Ma < Ma4/5 Pr4/5 K8/5t3/5
VFI PR 1<ty v, ~ s Viscous - inertial
¢ N
11
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2/3 2/3 _ 4/3_1/3
Ma™ Pr” k™t

T < t < T v, ~ AT Inertial - inertial
3
Ma Pr’t > H inertial - inertial
THi <t <t UHi~m vt 2 H 1mertial - inertia
LA™A
Ma Pr3/4 K_7/4t3/4 . . .
ti<t<ty i — vt > H inertial - viscous
Hv L?/ZAI/Z
MaxA vt > H viscous - 0, ~ H
>ty Uy ~ .
L viscous
Ma4/5 Pr4/5 KS/5t3/5
<1y Ty Viscous - inertial
LA
Ma2/3 Pr2/3 K4/3tl/3
T <t <t v, ~ T Inertial - inertial
s
Ma4/5 Prl/Z K13/10t3/10
i <t<Ty ~ Viscous - viscous
A2 432 < w ¥
VF1I
Pr/Ma < A*
Mal/} PrI/Z K7/6tl/6
Ty <1< 7THy v ~—— Inertial - viscous
v L4/3
Ma Pr3/4 K7/4t3/4 . . .
vy > -
Ty < t<ty v, ~— vt > H inertial - viscous
Hv L?/ZAI/Z
- MaxA vt > H viscous - 0, ~ H
>ty wH .
L viscous
Ma4/5 Pr4/5 K5/5t3/5
1<t [ O B Viscous - inertial
LA
MaA/5 Prl/Z K13/10t3/10
6 <t<7Ty 0 ~— Viscous - viscous
w L?/S
A2 < Pr/Ma <
VF III & Ma2/3 Prl/z K7/ﬁll/6 . .
A2 Ty <1< Thy L E— Inertial - viscous
L
Ma Pr3/4 K7/4tl/4 . . .
Ty <t <fu ~— vt > H inertial - viscous
Hv [,S/ZAVZ
. MaxA ot > H viscous - 6, ~ H
1> wn = .
L viscous
12
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4/5 4/5  8/5_3/5
Ma™" Pr” k™"t

1<t [ Ty ey Viscous - inertial
v 11/5 43/5
LA
4/5 172 13/10,3/10
Ma™ Pr k™t . .
Li<t<ty U ~——— Viscous - viscous
w JiG
VF IV Pr/Ma > 4*
4/5 4/5
Ma kA . .
ty <t<7tyy v~ Viscous - d, ~ H viscous
vH 3/5,1/5
Lt
MaxkA vt > H viscous - 6, ~ H
t> THH [ .
L viscous
| (]
SF | inertial >| viscous, [ o,~Hviscous |
VFI viscous )| inertial )| ot > H inertial >| vt > Hviscous |
[zl Teal
VFII viscous D inertial >| viscous >| inertial > v7> H inertial ot > H viscous
(=] (] el
VFII | viscous >I viscolL>|Ml>l ot > H inertial )| vt > H viscous ]
-Tw -Tuv
VFIV | viscous >i viscous >[ ot > H viscous
P

FIG. 3. Regimes of VF (in VFs I-1V).

C. Thermal boundary layer

It may be expected that when a linear temperature distribution is suddenly applied
for the surface, heat may be transferred into the fluid in the cavity by conduction,
resulting in a horizontal TBL beneath the surface. The energy equation (6) may describe
heat transfer between the surface and the interior fluid. The unsteady term, convection
term and conductive term in Eq. (6) are approximately O(AT/t), O(vAT/H) and
O(kAT/57%), respectively, where dris the thickness of the TBL. Clearly, for a sufficiently
small time, the convective term is negligible in comparison with the conductive term.
That is, there is a balance mainly between the unsteady term and the conductive term,
yielding a scale for the thickness of the TBL,

0

Ti

- K1/2t1/2. (49)

The SF may horizontally convect heat away. As time goes on, the convective term
becomes larger and even exceeds the unsteady term. For ¢ < ¢, if the ratio of convective
to unsteady terms is unity, a time can be obtained,

A;/ZLZ

L ~—
Ma"* Pr%

t

(50)
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Clearly, # < t, for Pr/Ma> A, but t; > t, for Pr/Ma < A;. Since usually 4. < 107 (see,
e.g., Ref. 13). and in case of Ma > 10°, instability or even chaos may occur in
thermocapillary convection,*” 3-8 the case for only Pr/Ma > A4.° is considered in this
study.

For ¢ > t;, over the velocity scale u,, the above comparison yields a new time scale
for the switch from the unsteady-conductive balance to the convective-conductive
balance, which is given by

2
i P eh

Based on (51), there exist # <t for Pr/Ma < A but ty< t, for Pr/Ma > A>. Accordingly,
in what follows, the evolution scenarios with different regimes will be analyzed.

In the evolution scenario for Pr/Ma < A3 (t; < t), the transition from the unsteady-
conductive balance to the convective-conductive balance occurs before the viscous
boundary layer reaches the bottom wall.

When ¢ < t, the convective term O(uk) is insignificant in comparison with the
unsteady term O(AT/f) in the energy equation (6), and the TBL develops under the
balance of unsteady and conductive terms with a thickness scale of d7 in (49).

The convective term becomes large and the unsteady term may be negligible when #;
<t < ty. The SF moves with a velocity of u, under a balance between thermocapillary
and viscous terms. A thickness scale can be derived by the energy balance between
convective and conductive terms,

3/2
6om L
' .
v Mal/2 Pr1/4 Kl/4tl/4

(52)

When ¢ > tg, the thermocapillary term is balanced by the viscous term for which d,
grows to H with a velocity scale of us (10). Inserting us into the energy equation (6), a
thickness scale is obtained,

O, ~ MaVI;A]/Z :
This means that the TBL reaches the steady stage and the thickness remains constant.
Moreover, it may be verified that the TBL will reach the steady state before the viscous
layer reaches the bottom of the cavity for Pr/Ma < 43 due to t, < tu.

Heat transfer between the SF and the interior fluid may be scaled with O(AAT/o7),
where /. denotes thermal conductivity. Further, the Nusselt number (Nu) for Pr/Ma < 4°
may be obtained by normalizing the heat flux using AA7/H based on (49), (52) and (53),
respectively,

(53)

Kl/le/?. ’ 0 <t< [f’

Mal/z Prl/4 K]/4tl/4
Nu ~ T,t,<t<tﬁ, (54)

172 4172
Ma " "A"" t>1t,.
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In the evolution scenario for Pr/Ma > A°, we have ty < t. That is, the viscous
boundary layer fills the cavity with the velocity scale of us before the convective term
becomes dominant. Further, based on the energy equation (6), a balance between the
inertial term and the convective term yields a time scale,

L2
t, ~ .
MaAx

(55)

Since convection is very weak when ¢ < t;, the TBL grows as time increases in which
the inertial-conductive balance dominates the SF with a thickness scale (49). When ¢ >
tis, the TBL maintains a constant thickness (53).

It is noteworthy that the TBL is distinct when only dr < H, which yields a criterion,

1
Ma>—5. (56)

That is, the TBL is distinct if (56) is satisfied. Further, based on (49) and (53), heat
transfer through the SF for Pr/Ma > A* may be expressed as

— O<t<t,,
Nu ~ K]/ztl/z ts (57)

Ma”? At >1,.

s

The evolution scenarios of the horizontal TBL with the thickness scales under
different regimes are presented in Table II. Further, the thickness is also shown in Fig.
4 under different regimes for Pr/Ma < A* and Pr/Ma < A>. Evolution scenarios of the
TBL and VF are shown in the Ma—Pr—A space in Fig. 5.

TABLE II. Thickness of TBL under different regimes in different evolution scenarios.

Evolution scenario Time Thickness Regime
1<t oy ~ k1 Inertial-conductive
JiL
TBLI Pr/Ma < A* t<t<ty Op ~————— Viscous-convective
™ Ma? Pt A
0, L oy~ H i ti
1>ty S T s v ~ H viscous-convective
Ts Mal/ZAI/Z
1<ty Oy ~ K7 Inertial-conductive
TBLII Pr/Ma > A* L
t> trg Op ~——5 oy~ H viscous-convective
Ts Mal/ZA]/Z
15
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FIG. 4. Thickness of TBL for Ma = 5000 in two evolution scenarios. Here, £ = t in
(a), given by Eq. (15) in TBL I for Pr/Ma < A3, but ¢, = t,, in (b), given by Eq. (51) in
TBL II for Pr/Ma > A°.
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FIG. 5. Evolution scenarios of TBL and VF in Ma-Pr-A space. Here, Si: Pr=
Mad. %432, So: Pr= MaA.?, Sy: Pr=MaA?, and Sa: Pr= MaA>.

Physics of Fluids

IV. NUMERICAL METHOD
2D numerical simulation may be used to characterize transient thermocapillary
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convection, since the two-dimensional numerical results of the thermocapillary
convective flow agrees well with the experimental ones.*>>° For convenience, the 2D
governing equations (3)—(6) were simplified to non-dimensional forms by x/x*, y/y*,
0/6* and e/e* ~ L, t/t* ~ L*/(Max), T* ~ (T — To)/AT, w/u* and v/v* ~ Max/L and p/p* ~
pMa*i*/L?, as described in Ref. 13.

Figure 6 illustrates the computational domain and boundary conditions. The top
boundary was at a linear temperature distribution and imposed by a constant Marangoni
stress. The other wall boundaries of the computational domain were considered to be
adiabatic and no slip. All boundaries were considered to be rigid. Initially, the fluid in
the domain was motionless and isothermal at a zero non-dimensional temperature.
Previous studies'> 37 have demonstrated that thermocapillary convection in a
rectangular cavity can be described well by the numerical simulations with Marangoni
stress on the non-deformable flat surface.

. o or
v =0 =%
[ -
.. or .. . . .. 8
A |u =0 =0, —=0 w=0=0T=0at=0 u=0=0—=0
. a o o
.. o
Y N w=v=0, —=0
X

1
FIG. 6. Schematic of boundary conditions in the computational domain.

The numerical method to solve governing equations has been described and
experimentally verified in previous studies.'® %’ Since there is no experimental result of
transient thermocapillary convection in a rectangular pool under a surface of a linear
temperature distribution in the literature, the further verification with the experiment
has not been conducted in this study.

Four different meshes were used for the mesh sensitivity test with finer cells toward
the surface and boundaries. For example, the computational cells expand vertically at a
fixed rate toward the bottom of the cavity from the size 1x107, 8x10°, 4x10® and
2.5x10° to the size 4x10, 2x107%, 2x107 and 1x107, respectively.

The largest Marangoni number of Ma = 250000 in the present numerical cases was
adopted in the mesh sensitivity test. The numerical results show that the flow in this
study is steady for Ma < 250000 and even low Prandtl number (e.g., =10), which is
different from that in a cavity with the isothermal lateral wall (also see Ref. 13). The
results have been listed in TABLE III. To ensure the accuracy of numerical results and
to keep the computing cost, a mesh of 100 x 300 was used in this study for which the
velocity and temperature difference calculated with a finer mesh was less than 3%.

TABLE III. Mesh dependency test.

Steady u* at fixed point Steady T™ at fixed point

A Ma Mesh H x L
(0.5, 0.54) (%) (0.8, 0.94) (%)
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1/5 250000 50x150 0.010244801(10.55%) 0.34820(6.19%)

1/5 250000 71x210 0.010605483(7.39%) 0.35058(5.54%)
1/5 250000 100300 0.011452625 0.37116
1/5 250000 200x600 0.011403985(0.42%) 0.36023(2.94%)

In fact, the numerical results obtained using the present procedures were compared
with the experimental results in Ref. 13 in which two types of results are consistent.
That is, the present procedures are applied for the description of thermocapillary
convection in the cavity.

V. NUMERICAL RESULTS AND VALIDATION

To present the physics of transient thermocapillary convection flows under different
regimes and validate the scaling relations derived from Sec. III, 2D numerical
simulation was conducted for a fixed aspect ratio (4 = 0.2) but for Pr from 2 to 2x10°
(corresponding to silicone oils from 0.65cs to 200cs) and Ma from 2500 to 250000,
which cover all regimes.

A. Flow structure

Figure 7 plots the streamlines and isotherms for Ma = 2500. In a short time after
sudden heating, the isotherms are approximately parallel to each other owing to heat
conduction, as shown in Fig. 7(a). As time goes, the thickness of the TBL increases and
the isotherms slightly contorts in the right corner, as shown in Fig. 7(b). As time
increases further, the region occupied by the hotter fluid continuously enlarges from the
right top corner to the left bottom corner, as shown in Figs. 7(c) and 7(d). Additionally,
the streamlines in Fig. 7 shows that there exists a distinct large circulation driven by the
thermocapillary force. However, the further examination of numerical results shows
that transient thermocapillary convection is still weak under conduction dominance for
such a small Ma.

0.1 0.18 026 034 042 0.5 0.58 0.66 0.74 0.82 09

FIG. 7. Streamlines and isotherms from 0.1 to 0.9 with an interval between two
neighbouring isotherms being 0.08 at different times for Pr =200 and Ma = 2500. (a) At
t/t5*=0.14. (b) At */t;s"=0.85. (c) At */t;*=3.61. (d) At #*/t;s=57.30.
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As Ma increases, convection becomes stronger. Figure 8 shows the streamlines and
isotherms for Ma = 250000. The SF is distinct and drives a VF, as shown in Fig. 8(a).
Further, a back flow from the left to the right becomes stronger with time and a
circulation is clear in the cavity, as shown in Fig. 8(b). As time goes, the circulation
develops until the developed stage, as shown in Figs. 8(c)-(f). Moreover, it is clear that
the symmetry of the circulation about the vertical middle line is lost with increase of
the Ma, as shown in Figs. 7 and 8.

0.1 0.18 026 034 042 0.5 0.58 0.66 0.74 0.82 09

FIG. 8. Streamlines and isotherms from 0.1 to 0.9 with an interval between two
neighbouring isotherms being 0.08 at different times for Pr =200 and Ma =250000. (a) At
/= 0.95. (b) At £*/tg=3.71. (c) At t*/ti*=5.29. (d) At £*/ti7'=8.13. (e) At */tr*=16.03. (f)

At #*/ty"=110.76.

B. Verification of scaling laws

According to the analysis in Sec. III, by sudden heating the surface with a linear
temperature distribution, a SF can be generated under a thermocapillary force. The
velocity of the SF may be different under different regimes. For validation of the scaling
law (14) under viscous regime, the velocity for the SF was extracted at x* = 0.5 and y*
= 4. Here, the non-dimensional format is adopted (also for all following figures). Figure
9 shows the velocity normalized by (14). A good linear correlation between u,*4™" and
(¢*/tr*)"? can be distinguished, indicating that the scaling law (14) is verified.

0.3

0.2 W Pr=200, Ma = 2500
i ® Pr =200, Ma = 8000
A Pr=200, Ma = 25000
W Pr=200, Ma = 80000
& Pr=200, Ma = 250000
= Linear fit line

u A

0.0 0.1 0.2 0.3 0.4
"

FIG. 9. Velocity of SF under viscous regime.

19



AlIP
Publishing

L

For a sufficiently large time, the velocity of the SF becomes constant, as indicated in
(16). To validate the velocity scale of (16), the velocity was calculated at x* = 0.5 and
y* =4 on the surface. According to (16), the normalized velocity us* is independent of
Ma, which may be found in Fig. 10. This confirms that the scaling prediction (16) is
working.

0.100 %* Pr=2, Ma=2500
r= 10,
0.075
50,050 & Py & ~
[ T
= 250000

0.025 T B Pr=2000, Ma = 2500

% Pr=2000. Ma = 25000

Pr = 2000, Ma = 250000
0.000 —— Linear fitline
10° 10* 10° 10°
Ma

FIG. 10. Velocity of SF under d, ~ H viscous regime.

As described above, a VF near the sidewall may be generated by the pressure gradient
induced by the SF. The analysis in Sec. III. B shows that the VF may travel at different
velocity scales under different regimes. When 7z, < ¢ < 1, the VF travels at a velocity
of (39) under the vt > H inertial-viscous regime in VFs I-1II. In simulation results, the
velocity of the VF is measured by the maximum vertical velocity at y*= 0.54. Figure 11
shows the velocity of the VF normalized by (39). A good linear correlation between
vm*A™" and (£*/ t*)*"* can be distinguished, suggesting that the scaling prediction is able
to predict the VF under the vf > H inertial-viscous regime in VFs I-III. However, it is
clear that data slightly scatter as time increases owing to the presence of the bottom
wall.

0.05

-
0.04 * Pr=100, Ma = 4500
Pr=150, Ma = 15000

- 0.03

Vg A

0.02 fa = 250000

e Linear fit line

0.01

0.0
8_()() 0.05 0.10 0.15 0.20
(t'/ty)

FIG. 11. Velocity of VF under vz > H inertial-viscous regime in VFs I-IIL.

In order to verify the velocity of the VF under the vz > H and 6, ~ H viscous- viscous
regime in VFs I-1V, the maximum vertical velocity at y* = 0.54 was measured. Figure
12 shows the velocity of the VF normalized by (47). Clearly, the velocity is independent
of Ma, indicating that the scaling law (47) can describe the VF under the vt > H and 9y

~ H viscous-viscous regime.
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* Pr=2, Ma=2500
W Pr=10, Ma=2500
@ Pr=20, Ma= 8000
<« Pr=20, Ma = 25000
0.1 A Pr=20, Ma= 80000
A ® Pr-

0.1
10° 10* 10°
Ma

FIG. 12. Velocity of VF under vz > H and 6, ~ H viscous-viscous regime in VFs I-IV.

For validation of the scaling law (40), we also measured the thickness of the VF
under the vt > H inertial-viscous regime in VFs I-1II based on the numerical solutions,
defined as the horizontal distance from the left wall to the interior edge of the VF for
which v = 0.0004 at y* = 0.54. The numerical results are plotted in Fig. 13. It is seen

from this figure that A,*A™" is proportional to (£/1%)"

, which confirms the scaling law
(40).

0.3 T

Pr=200, Ma = 2500
Pr=200, Ma = 8000
Pr=200, Ma = 25000
Pr=200, Ma= 80000
Pr=200, Ma= 250000
Pr=2000, Ma = 2500
Pr=2000, Ma = 25000
Pr=2000, Ma = 250000
== Linear fit line
0.0

0.0 0.1 0.2 0.3 04 0.5
(/)"

*tovedpontip

FIG. 13. Thickness of VF under vt > H inertial-viscous regime in VFs I-III.

As time goes on, the thickness of the VF becomes a constant, which is independent
of Ma, as described by (48). Figure 14 shows Auy* extracted from numerical results.
The thickness predicted in (48) is independent of Ma, which confirms the scaling
prediction in (48). Here, the thickness for Ma = 5000 and 8000 slightly deviates the
scaling prediction because there is the circulation flow in the cavity.

Pr =2, Ma = 2500
A Pr=10, Ma=2500
@ Pr=20, Ma= 8000
<« Pr=20, Ma= 25000

* 20, Ma = 80000
L 00, Ma = 2500
" [ ] 0, Mai = 8000
& . A Pr=200, Ma=25000
> g _g_'_‘_ \ & 0. Ma = 80000
L )0, Ma = 250000
» 00, Ma = 2500
® P 25000
* £ 250000
0.0 - - = Lincar fit line
10 10 10° 1

Ma
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FIG. 14. Thickness of VF under vt > H and d, ~ H viscous-viscous regime in VFs I-
Iv.

Scaling analysis indicates that as soon as the linear temperature distribution is applied,
heat transfer can occur, resulting in the formation of a TBL beneath the top boundary,
as scaled with (49). The thickness of the TBL in numerical results was measured as the
length from surface to the isotherm of 7 = 0.3 at x* = 0.5, at which the disturbance
from the circulation of the convective flow may be reduced.'® To validate (49), the
thickness was calculated from numerical results in TBLs I and 11, respectively. Figure
15 shows the thickness and time normalized by (49). Clearly, 0r*Ma'>4" has a clear
linear function of (#*/t,*)"> and o6n*Ma'"?A"? has a perfect linear function of (#*/t*)"?
under the inertial-conductive regime in TBLs I and II, respectively, implying that the
proposed scaling law (49) is confirmed.

(a) 1.00
.
. & ® Pr=20, Ma = 8000
o 075 A Pr=20, Ma = 25000
2 ° 20. Ma = 80000
< <
F 050 r
o » * Ma = 300000
[ 200, Ma = 80000
0.25 ¥ Pr=200, Ma= 250000
Linear fit line
0.00 L k a L
0.0 0.2 0.4 0.6 0.8 1.0
(r./’l.)\'z
1.25
1.00
~ ® Pr=200, Ma= 2500
N 0.75 T » Pr=2000, Ma=2500
h ® Pr=2000, Ma = 25000
* =050 o == Linear fit line
oS
0.25
0.00
0.0 0.2 0.4 0.6 0.8 1.0

@i\

FIG. 15. Thickness of TBL under inertial-conductive regime in TBLs I (a) and II (b).

To validate the thickness scale (52), the normalized thickness under the convective-
viscous regime in TBL I was measured from numerical results and is plotted in Fig. 16.
Clearly, 6r,*Ma"?4""* is proportional to (#*/t*)""*, suggesting that the scaling law (52)
may describe the thickness scale under convective-viscous regime in TBL I.
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o W Pr=20, Ma = 80000
= 2.0 ® Pr=20, Ma = 150000
g A Pr=20, Ma= 250000
S v W P50, Ma=250000
L @ Pr=T5 Ma=300000
S = Linear fit line
1.0,
1.0 1.5 2.0 25

[P

FIG. 16. Thickness of TBL under viscous-convective regime in TBL 1.

During the unsteady stage, the thickness of the TBL may change as time elapses, as
precited by the scale of (49) and (52). Further, the scaling analysis shows that the TBL
may reach the steady stage with a constant thickness in both TBLs I and II, which is
described by the scale of (53). To verify (53), the thickness of TBL under the d, ~ H
viscous-convective regime was measured. As seen from Fig. 17, there is an
approximately linear relation of d5*4'? and Ma 2. Generally, there is agreement
between the scaling prediction in (53) and numerical results. Note that the thickness
for Ma = 8000 deviates the scaling prediction because the circulation flow adjacent to
the sidewall disturbs.

0.000
0.000 0.005 0.010 0.015 0.020 0.025

Ma'?

FIG. 17. Thickness of TBL under d, ~ H viscous-convective regime in TBLs I and II.

Heat transfer near the surface can be quantified by the Nusselt number Nu, which is
predicted in (54). To verify (54), the Nusselt number of the surface with the linear
temperature distribution was calculated from the numerical results. Figure 18 shows the
Nusselt number in unsteady stage. Clearly, there is a perfect linear relation between
NuMa 2472 and (#*/t;*)""?, which confirms the scaling law of heat transfer (54) under
the inertial-conductive regime in TBL I well.
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. Ma = 8000

da = 25000
= 80000
2500
fa = 8000
25000
fa = 80000
Pr Ma = 250000
Pr=2000, Ma = 2500
00, Ma = 25000

Pr=2000, Ma = 250000

o Linear fit line

50 100 150 200
@y

FIG. 18. Nusselt number of the surface with linear temperature distribution under
inertial-conductive regime in TBL L.

tevéeédronnic

Furthermore, the Nusselt number of the surface with the linear temperature
distribution in the steady stage Nu was also measured and is plotted in Fig. 19. There is
a good linear relation between Nu and Ma'?4"2, which further verifies (54) and (57)
under the J, ~ H viscous-convective regime in TBLs I and II.

150

Pr=20, Ma=8000
Pr=20, Ma=25000

100

50

Nu
*OVOAPONOLORAC

oL
——Linear it line

0 100 200 300
Ma'?4'?

FIG. 19. Nusselt number of the surface with linear temperature distribution under o, ~
H viscous-convective regime in TBLs I and II.

VI. CONCLUSIONS

A discussion based on scaling analysis and numerical simulations for transient
thermocapillary convection under a surface of a linear temperature distribution in a
rectangular cavity at a zero-gravity condition is presented. A set of scaling laws of
velocity and thickness has been derived by scaling analysis to describe heat transfer and
dynamics of thermocapillary convection under different regimes in different evolutions.
The scaling relationships describe very complex interactions between the SF, VF, TBL
and viscous boundary layer in the cavity.

Further, 2D numerical simulation has been performed to characterize the physics of
transient flow and to verify representative scaling relations. The velocity and thickness
of the SF and VF, and the Nu of the surface measured from numerical results are in
accord with scaling predictions. Therefore, the present scaling results may describe the
transient thermocapillary convection flows induced by a surface of a linear temperature
distribution, and in turn estimate the flow and heat transfer (e.g., the velocity of the SF
uy~ MaPr'? /2, the Nusselt number of the surface Nu ~ Ma"?4"?) in industrial
applications.
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